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Abstract 

Rotors were introduced as a generalization of mutation by Anstee, Przytycki 
and Rolfsen in 1987. In this paper we show that Tristram-Levine signature is 
preserved by orientation-preserving rotations. Moreover, we show that any link 
invariant obtained from the characteristic polynomial of Goeritz matrix, includ- 
ing Murasugi signature, is not changed by rotations. In 2001, P. Traczyk showed 
that the Conway polynomials of any pair of orientation-preserving rotants coin- 
cide. But it was still an open problem if an orientation-reversing rotation pre- 
serves Conway polynomial. We show that there is a pair of orientation-reversing 
rotants with different Conway polynomials. This provides a negative solution to 
the problem. 
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1 Introduction 

Rotors were introduced in graph theory by W.Tutte [2], [17] and [18]. The concept 
was adapted to knot theory in [1] as a generalization of Conway's mutation. For the 
orientation of the boundary of an oriented rotor, we have two basic possibilities: 

(a) inputs and outputs alternate as in Fig. 2. 2 (a). Such a rotor is called an orientation- 
preserving rotor, or 

(b) we have the pattern in-in, out-out as in Fig. 2. 2 (b). Such a rotor is called an 
orientation-reversing rotor 1 . 

In Section 3 (resp. Section 4), we show, in particular, that the Murasugi's unori- 
ented version of the classical signature [4, 10, 11] (Theorem 3.1) (resp. Tristram-Levine 
signature) is preserved by any rotations (resp. any orientation-preserving rotations). 

It was shown in [1] that rotations of order three and four preserve the Homflypt 
polynomial, and in particular, the Conway polynomial of links. In 2001, P.Traczyk 
[14] showed that Conway polynomials of a pair of any orientation-preserving rotants 
coincide, solving in this case, the Jin-Rolfsen Conjecture [6]. But it was inconclusive 
if orientation- reversing rotations preserve Conway polynomials for n > 6. In the last 
section, we present an example of orientation-reversing rotants which do not share 
the same Conway polynomial. This provides a negative answer for the Jin-Rolfsen 
Conjecture in the orientation-reversing case [6, 12]. 

In general, it is not true that a rotation preserves the first homology of the double 
branched cover, M L ^ 2 \ of S 3 branched along L. Necessary conditions for preserving the 
homology are given in [3, 13]. Figure 1.1 taken from [3] shows rotants with different 
H^Mjft; Z) and H^M^; Z 5 ). For the link L x in Fig 1.1(a), H^Afjff; Z) = Z 15 © Z 30 
and Hi(M^; Z 5 ) = Z 5 © Z 5 , and for its orientation preserving rotant L 2 in Fig. 1.1(b) 
we obtain H^M^; Z) = Z 3 © Z 150 , Hi(M^; Z 5 ) = Z 5 . All the homology groups were 

1 Thc terminology used in here is explained in Section 2. 
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calculated using K. Kodama's program KNOT [7]. 




L\ L2 
(a) (b) 
Fig. 1.1 

However, if we assume that a given pair of oriented rotants can be put into the "special" 
periodic disk-band form then the first homology groups of the corresponding double 
branched covers of S 3 branched along this pair of rotants are isomorphic (Corollary 
2.3). 



2 Definitions and basic properties of rotors 

For an oriented link L of /^-components Ki, ■ ■ ■ , we form the linking matrix Al 
with entries = lk(Ki, Kj), where % 7^ j. We put an = unless L is a framed link. 
In this case we define an to be the framing of the ith component Ki of L (an measures 
the difference with respect to the standard framing). The linking matrix A L , up to the 
order of components of L, is a link invariant. One half of the sum Y^i<j a ij °f entries of 
A L outside the diagonal is the total linking number of L, denoted by £k(L). The trace 
of Al for a framed link L is denoted by tr(L). Note that tr(L) does not depend on the 
orientation of L, so tr(L) is an invariant of an unoriented framed link L. 

Consider a link L in S 3 decomposed into two n-tangles (n > 2) S and R (Fig. 
2.1), where by n-tangle we mean any 1-dimensional manifold properly embedded into 
a three-ball and consisting of n-arcs and, possibly, closed components. Let be a 
rotation of B 3 = B 2 x I by the angle ^ along the z axis. Assume that R, called the 
rotor part of L, satisfies <f>(R) = R. The other tangle part, S, of L is called the stator. 
Equivalently, L admits a projection decomposed into the projections of the rotor and 
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the stator (these projections will also be denoted by S and R) such that R lies in the 
regular n-gon and intersects its boundary in 2n points, and that <f)(R) = R (Fig. 2.1). 

The regular n-gon has a dihedral group of symmetry D 2n . This group is generated 
by the 2n/n rotation along the z axis and the dihedral flype d which corresponds to 
the rotation by 7r along the y axis. The group D 2n has a presentation, D 2n = {0, do I 
(h n = d 2 = l,d (bdo = Let dk = <j) k do. Note that dk is the dihedral flype along 

2 2 

the axis obtained from the y axis by rotating it counterclockwise by the angle 

A rotant of a link L x is the link L 2 (Fig. 1.1 and Fig. 2.1) obtained from L x by a 
dihedral flype of its rotor part. Note that L 2 is independent of the choice of a dihedral 
flype. We say that L 2 is obtained from L\ by a rotation. 



If a link is equipped with additional structures such as orientation or a blackboard 
framing, we also assume that the rotation preserves these structures. In the oriented 
case, we allow the global change of the orientation of the rotor part. More precisely, for 
an oriented rotor we have two basic choices of directions of arcs at its boundary points: 
inputs and outputs alternate as in Fig. 2.2(a), we call such a rotor the orientation- 
preserving rotor, or we have the pattern in-in, out-out, • • •, in-in, out-out for an even n 
as in Fig. 2.2(b); we call such a rotor the orientation-reversing rotor. For an oriented 
rotor R of an oriented link L and a dihedral flype d, the orientations of d(R) and the 
stator parts do not always necessarily match. If they do not match, then by reversing 




L 2 



Fig. 2.1 
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the orientation of d(R), we obtain an oriented link L 2 = d(R) U S that we also call the 
oriented rotant of L\. 




D 

(a) 



D 

(b) 



Fig. 2.2 



The following theorem describes basic properties of rotors. 
Theorem 2.1 (i) Any rotation preserves the number of components of a link. 

(ii) // two oriented links are related by a rotation of an oriented rotor, then the total 
linking numbers are the same. 

(iii) // two oriented framed links are related by a rotation of an oriented rotor, and the 
rotor part has no closed components, then their linking matrices are the same. 

(iv) If L is an unoriented framed link, then tr(L) is preserved by any rotation. 

Proof Let R be an unoriented rotor with boundary points ao, bo, Oi, bi, a n -i, & n -i> 
as in Figure 2.3(a). Consider the connection of ao, that is, the boundary point con- 
nected to ao by an arc in R. Initially, we have two cases: ao connects to either a m or 
b m for some m. 



5 



y 

(a) 



Fig. 2.3 



y 

(b) 



If n > 2 then a cannot be connected to a m . To prove this claim let us assume, 
by contradiction, that a Q connects to a m then <p m {a ) = a m connects to (f) m {a m ) = a 2m 
which must be the same as a . Therefore, 2m = n. This implies that a, L connects to 
a i+ !± and bi to b i+ ™. The arc 7(2^) of R connecting X; L to x i+ ^, where the symbol x may 
stand for a or b, is setwise preserved by the rotation 0i. Therefore the arc 7(2^) has 
one fixed point, namely the point of the intersection with the z-axis. For n > 2 we have 
at least two arcs of the type 7(0^). Such arcs cut the z-axis at different heights, say hi. 
On the other hand 0(7(a«)) = 7(^+1), so hi = hi + i, which gives a contradiction. So in 
this case, we have n = 2, and in this case Theorem 2.1 follows easily. 

Suppose ao is connected to b m for some m. Let 7» = 7(0^) denote the arc connecting 
the point a; L with b i+m in R. Consider the dihedral flype dm. +i exchanging <2j with b i+m . 
The image dm. +i {ji) connects the same points on the boundary as 7, that is Oj and 
bi+m (Fig- 2.3(b)), so two boundary points of R are connected in R if and only if they 
are connected in do(R) = d™ +i {R). In particular, the link L ± — S U R and its rotant 
L 2 = S U do(R) have the same number of components. 

By observations similar to the above, we have 

Claim 2.2 (i) For an unoriented rotor R choose any orientation {directions) of its 
arcs {e.g. from aj to bj +m ). Let I{^j,^ k ) denote the sum of sign of crossings ■jj and 
7fc ; possibly j = k, then 1(7^,7^) = I(d j+k+m hj), d j+k+m ilk))- 

(ii) For an oriented rotor R and a closed component a of R, a) = I{dm. + i{'ji), dm + i{a)). 
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Notice that cK- = d(d j+h±m (7fc)),^7fc = d(d j+h±m hi)) and #7, = <9(<i™ + j(7i))- 

22 2 

Proof (i) The dihedral flype d j+k+m of R sends Oj to and to bj+ m , thus 

it sends the arc 7,-, connecting a,- with bj+ m in i? (resp. with bk+ m ) to the arc 
d j+k+m hk) connecting b^ +m with in do(R) (resp. <ij+fc+m(7j) connecting bj +m with 
a fc ) (Fig. 2.4). Therefore IhjHk) = I (d j+k+m hk), d ]+ k+ m hj)), as required. □ 




7t( j+k+m) 



Fig. 2.4 

(ii) Since 7, in i? and d| +j (7j) in do(-R) connect the same boundary points Oj and bi+ m , 
we have the conclusion. 

Theorem 2.1 (ii), (iii) and (iv) follows from Claim 2.2 and the fact that L x and L 2 
have the same stator. □ 



We use Theorem 2.1 to show that with some technical assumptions, that are ex- 
plained below, the double branched covers of S 3 branched along rotant links have 
isomorphic first homology groups. We do not use later in the paper the result of Corol- 
lary 2.3, however, we would like to contrast it with the example in Fig. 1.1 of rotant 
links with different first homology groups. 

In the proof of Corollary 2.3 we use Montesinos method [9] of finding surgery 
description of the double branched covers of S 3 branched along links, when a surface 
(possibly unoriented) bounding the link is given. We closely follow, in this part of the 
paper, notation used in [5]. 

Let T be a trivial n-tangle diagram as in Fig. 2.5(a). Let D\ U • • • U D n be 
a disjoint union of disks bounded by T and a disjoint union of arcs in dB 3 con- 
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necting dT . Let bi,---,b m be mutually disjoint disks (ribbons) in B 3 such that 
hi n [JjDj = dh fl T are two disjoint arcs in <%;(i = l,---,m), Fig. 2.5(b) . We 
denote by Q(T ; {D u • • • , A,}, {61, • • • , M) the tangle T U U^6-int(r n U^) to- 
gether with the the surface \J D, L U (J and its decomposition into disks A and 6j. We 
call such a structure a disk-band representation of a tangle [5]. 




(a) (6) 
Fig. 2.5 



If a rotor part has a rotationally symmetric disk-band representation, then the 
following corollary of Theorem 2.1 holds. 

Corollary 2.3 Let L\ and L2 be a pair of unoriented n-rotants such that n-rotor 
Ri of Li admits a rotational symmetric disk-band representation with the number of 
ribbon disks in the representation equal to n. Then Hi (M^ , Z) = Hi(M^ ;X) where 
denotes the double branched cover of S 3 branched along a link L. 

Proof Let f2(T ; {-Di, D n }, {b^i, &fcn}) be the the disk-band representations of R\ 
and i?2 — do(Ri) respectively, related by the dihedral flype rf . Let B 3 be the 3-ball 
such that B 3 (lLk is the tangle ingredient of fi(To; {D±, ...,D n }, {bki, ...,bk n }) (k = 1,2) 
and Bq = B 3 — intN(Di U • • • U D n ), where N(Di U • • ■ U D n ) is a regular neighborhood 
of Di U • • • UD n in B 3 . There are compact, connected, possibly non-orientable surfaces 
F k (k = 1, 2) in S" 3 such that F k n B 3 = D 1 U • • • U D n U b kl U • • • U b kn and the 
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surface F k n (S 3 — -B 3 ) is connected. We follow [5] in constructing a surgery description 
of the double branched cover using a surface F k . We work with Fi and and Li, the 
construction for F 2 and L 2 is related by a dihedral flype. 

Choose a point i>j in Dj fl dB 3 (i = 1, ...,n). Let G k be a spine of F k with the 
vertex set {v i, i> n } such that G fc fl 5 3 is a spine of .Di U • • • U D n U b kl U • • • U b kn . 
Let T k C S 3 — int-B 3 be a spanning tree of G k and G k /T k a spine obtained from Gfc by 
contracting T k into a point v. We may assume that N(G k /T k )(~)F k consists of a disk D k0 
containing v and mutually disjoint disks b f kl , b' km such that b' ki r\D k0 = db' ki ndD k0 are 
two disjoint arcs in db' ki (i = 1, ...,m), (D fe0 U &' fel U • • -U&^Jn^ = (6 fc iU- • -Ub kn )nB^, 
and that (L>ioU&' n U - • •U^J-.B 3 , = (D 20 Ub' 21 U- ■ -Ub' 2m )-Bl Let (p : S 3 ^ S 3 he the 
double branched cover branched along dD k0 . Then m} 2 ^ is obtained from S 3 by surgery 
along a framed link yr^&^U- • -U6' fc J. Note that v? _1 ((fe' fcl U- • •U6 , fem )n^) = v? _1 ((&fciU 
• • -Ub kn )nB^) are two n-rotors and ^((b^U- ■ -U&i m )-Sg) = (/^((fc^U- • -Ufe^)-^). 
Since each v 9 " 1 !^) is a component of (/9~ 1 (6' fcl U • ■ ■ U 6' fcm ), it is not hard to see that 
there is a blackboard framed, oriented link c kl VJ • • -Uc km such that each c ki corresponds 
to b' ki and the both components of (c k i U • • • U c km ) fl (P^ 1 (Bq) are oriented n-rotors. So 
C21 U • • ■ U C2m is obtained from en U • • ■ U c im by two oriented n-rotations. By Theorem 
2.1 (iii), the linking matrices of en U • • • U c\ m and C21 U ■ • • U C2 m coincide. Since the 
linking matrix of c k i U • • • U Cfc m is a relation matrix of the first homology group of M L ^ , 
we have the conclusion. 

□ 

Corollary 2.3 and the example in Fig 1.1 allow us to conclude that not every n-rotor 
has a symmetric disk-band representation with n bands. 

Let Fl be a Seifert surface of an oriented link L. Denote by ip : H\(Fl\'L) x 
Hi(Fl;%) — > Z the Seifert form associated with Fl (i.e. ip(x,y) = lk(x + ,y), where 
x + denotes a curve pushed x slightly off Fl into the positive direction). Choosing 
an ordered basis for if^F^Z) allows us to describe the form if) by the corresponding 
Seifert matrix. Let Al be the Seifert matrix of the form ip with respect to some ordered 
basis of Hi(Fl] Z). 
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Let Fl be a spanning surface, possibly nonorientable, of an unoriented link L. We 
use the following generalization of Seifert 2 and Goeritz forms defined by Gordon and 
Litherland in [4]. For the spanning surface F L consider regular neighborhood, N(F L ) ) 
of F| in S* 3 - L. Then N(F L ) is the /-bundle over F L and the <9/-bundle F L is a double 
cover of F L (possibly disconnected) with the projection map p : F L — > F L . The bilinear 
form Q Fl : E 1 {F L \ r L) x H 1 {F L \'L) -> Z defined by Gf l { x iV) = Ikfy-^y), where a; 
and y are oriented loops in is called the Goeritz form associated to the surface F L . 
For an ordered basis of H 1 (F L ;Z) we have the matrix G Fl representing the Goeritz 
form Qp L . The matrix Gf l is called the Goeritz matrix of Fl with respect to a basis 
of if i(F L ;Z). 

The form C/^ defined over Z can be extended to the form Q Fl over C. We view 
the form Qp L as the Hermitian form represented in a basis by the Hermitian matrix 
G Fl (i-e. = G>J. 

For a spanning surface Fx, fc of L k = K k \ U K k2 U • • ■ U K km , the framing of L k is 
uniquely determined by F Lk as follows 3 : Let K ki FL k be a parallel copy of K ki that 
misses F Lfc . We define the framing K ki to be lk(K ki) K ki Fh k). We put e(F Lk ) = 
-J2ilk( K ki, Kki FLk ) = -tr(L k ). 

We recall the definition of the Tristram-Levine signature of an oriented link. 

Definition 2.4 [8, 15] Let L be an oriented link in S 3 and let u be a complex number 
with | u |= 1, uj 7^ 1. The Tristram-Levine signature of L, denoted by o~ w (L), is the 
signature of the Hermitian matrix (1 — uj)Al + (1 — &)A L , where Al is a Seifert matrix 
ofL. 

Definition 2.5 [4, 10, 11] Let L be an unoriented link in S 3 , and let L be the link 
obtained from L by a choice of an orientation. The Murasugi signature &(L) of an 
unoriented link L is defined to be a(L) = cr(L) + £k(L). 

Remark 2.6 Murasugi showed in [11] that a(L) + £k(L) does not depend on the 
2 It is a generalization of the symmetrization of the Seifert form. 

3 The regular neighborhood of K k % in F k is the frame knot associated to K ki . Its framing, when 
compared to the standard framing, is given by lk(K kil Kki Fhk )- 
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choice of an orientation of L. So &(L) is an invariant of unoriented links. We shall use 
later the fact that &(L) =sign(GpJ + \e(F L ) [A]. 



3 Unoriented rotation and Murasugi signature 



In this section we prove that the Murasugi signature of unoriented links is preserved 
by any rotation. The result follows from a more general statement (see Theorem 3.2) 
that the rotation preserves the characteristic polynomial of the Goeritz matrix (with 
the special choices of surfaces). In particular Theorem 3.2 allows us to obtain the 
result mentioned first in [12] that was also proven by Traczyk that the determinant of 
an unoriented link is preserved by any rotation. 

Theorem 3.1 Let L 1 and L 2 be a pair of unoriented n-rotants (no restrictions on n). 
Then cr(Li) = <r(L 2 ). 

The main result of this section is Theorem 3.2 from which Theorem 3.1 follows. 

Let Li and L 2 be a pair of unoriented rotant links. Consider projections of the 
links L\ and L 2 onto M 2 with rotor parts Ri and R 2 contained in disks D\ and D 2 , 
respectively. We can deform the stator parts Si and S 2 of the diagrams of L x and L 2 
into the position shown in Figure 3.1. 

We color the regions on M 2 bounded by the diagrams of L k in a checkerboard manner 
as in Figure 3.2. Using the black regions we form the spanning surface F Lk for k = 1,2. 
We choose for a basis of Hi(F Lk ; Z) the anti-clockwise oriented boundary curves of the 
bounded white regions, and we refer to this basis as the standard basis. 
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Fig. 3.1 



Fig. 3.2 



We also may assume that the framed links L\ and L2 obtained from F\ and F2 
respectively, form a pair of rotants. By Theorem 2.1, tr(Li) = tr(L 2 ), so we have 
e(F Ll ) = e(F L2 ). This fact, Remark 2.6 and the following theorem imply Theorem 3.1. 

With the choices for F fc 's and bases of Hi(F k ; Z)'s, made above, we can formulate 
the main result of this section. 

Theorem 3.2 Let Gp k (k — 1, 2) be the Goeritz matrices with respect to the standard 
basis. Then det(G Fii - \E) = det(G Fi2 - XE). 

Proof 4 Let X Sk and X nk be the subsets of the standard basis of Hi(F Lk ; Z) which 
live entirely in the stator and rotor part respectively, and let Xj^ k be the complement 
of X Sk U Xfi k in the standard basis. X Mk is composed of boundaries of white regions 
intersecting the boundary of the rotor. We can have n such regions or just one region. 
We can, however, always assume, modifying the rotor part of the diagram if necessary, 
that X Mk has n different elements. Consider submodules Sk, TZk and Mk of Hi(F Lk ; Z) 
generated by X Sk) X nk and X Mk . We have the following decomposition into the direct 
sum of Z-modules : Hi(F Lk ;Z) = S k © Mk © Hk- Let v denote the generator of 
Mi intersecting the y axis of the dihedral flype d (Fig. 3.3). There is an action 
of the cyclic group Z n =< a \ a n = 1 > on IZi © Mi induced by the ^-rotation 
around the center of D x . Thus the ordered set X Ml : v, a(v), a 2 (v), ■ ■ ■ , a n ~ l (v ) can be 
assumed to be a basis of Mi- Let X^ be a set of generators of IZi formed by choosing 
one representative from each orbit of Z n -action on standard generators of 7Zi (i.e. 
X^ = X^/Zn). We construct a bijection rj between the set of standard generators 
4 We adjust here the Traczyk's method [14] to the case of unoriented rotors and Goeritz matrices. 
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of Hi(F Ll ; Z) and Hi(F L2 ; Z). First, define i]\ Xs : X Sl — * X,s 2 to be the identity map 
since the stator part is unchanged by rotation. The map i]\x M '■ -^Mi is given 

by rj(a j (v)) = a j (d(v)) (i.e. a j (v) and rj(a j (v)) have the same stator parts). Finally 



r] extends to the isomorphism, Hi(F Ll ;Z) — > Hi(F L2 ;Z), that is also denoted by r]. 
We use the isomorphism rj to identify Hi(F Ll ; Z) with Hi(F L2 ; Z). This identification 
allows us to drop the indices in iS fc , A4 k and 72^ and write S, M. and 72. 



Let us consider forms Q\ = Qf Li and Q2 = Qf L2 on the same space S ® M. @1Z. 
We have the following properties of Q\ and Q2- 

(1) Q 2 {x, y) = Q x {x, y) for all x, y G S M. 

(2) Q 2 {x,y) = Qi(x,y) for all generators x,y E 7Z and 

(3) Qi(x,y) = Qi(a l (x),a l (y)) for all generators x,y £ M. Q)7Z, 
Q 2 (x, a l (v)) = Qi(x, a~ l (v)) for every generator x of 72, 
Q 2 (a l (x),v) = Q 1 (a\x),v) for every generator x of 72, and 
^ 2 (x, f) = £ 2 (tt'(a:), ot~ l {y )) for every generator x G 72. 



Xr. 2 is given by r)(a j (x)) = d(a j (x)) for x G -X^. The bijection 




Fig.3.3 



(4) g k (x, y) = for all x G 5, y G 72, (A; = 1,2). 
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Let S, M and R be the subspaces of (S © M © 1Z) <S> C complexifying S, M and 71, 
respectively. We have the involution ~ : S©M©R-^S©M©R corresponding to the 
conjugation in the factor C of the tensor product. The image of x E S©M©R under 
this involution is denoted by x. Using the rotational symmetry of the rotor part we 
conveniently change the basis of M and the generating set of R in the following way. Let 
ujj be an nth root of unity, Uj = e 2m ™. We replace the basis {a^(v) \ j — 0, 1, • • • , n — 1} 

n-1 

of M by {vj | Vj = ^^UjCx 1 (v) , j = 0, 1, • • • , n — 1}. For R we consider two choices of 

1=0 

generating sets that are related by the involution ~ as follows. We either replace the 

n— 1 

set {a j (y p ) | y p E X^,j = 0, 1, • • • , n - 1}, by {y iiP | y jiP = ^u;ja'(y p ), y p E X£, j = 

n-1 

0,1,- - 1} or by {y— | y~ = ^JJ] l a l (y p ), y p G j = 0, 1, • • • , n - 1}. 

1=0 

Let us consider the Hermitian forms Q\ = Gf Li and Q 2 = @f L2 , induced by Q\ and 
Q 2) on the same space S © M © R. 

These new generating sets for M © R satisfy the following conditions. 

(1) Qkiyj, v m) = for j ^ m, where Vj, v m G M and k — 1, 2, 

0i(xj, P , v m ) = </ 2 (x^, v m ) = for j 7^ m where x jiP G Ri,x~ G R 2 , v m G M, 

) for j ^ m where x iiP , y mA G Ri, x jiP , y m , g G R 2 . 

(2) <?i(x,y jiP ) = ^ 2 (x,y~) = for any x G S,y jiP G Ri,y~ G R 2 . 



(3) £i(yj, P , yj, g ) = £ 2 (y;, P , y,,,), for any y jiP , y jiq G Ri, y jiP , y jtQ G R 2 . 



(4) Gi(Vj,yj#) = G2(v j ,y- ) for any G M, y jtP G Ri,y— G R 2 . 
^i(Vj, Vj) = £ 2 (vj, Vj) for any Vj G M. 

(5) £i(x, Vj) = £ 2 (x, Vj) for any x G S, y, G M. 

For a given u;.,-, < j < n — 1, let Wj be the subspace of M©R defined by choosing 
its ordered basis in the following way. Take Vj from M first and y JiP from R in any 
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order. To obtain the ordered basis of M © R we place the basis of Wj before the basis 
of Wj + i for j = 0, 1, • • ■ ,n — 1. Finally we add the ordered basis of S. We obtain, 
in this way, an ordered basis of Hi(F Ll ; C). Notice that we can construct an ordered 
basis of Hi(F L2 ; C) by replacing each y JiP with yj^. 

Let G\ and G 2 be the matrices of the forms Q\ and Q 2 respectively, in the ordered 
bases of S © M © R, chosen before. 

/ B 2 q 
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In these bases, B\j (respectively B 2 j), where j = 0, l,---,n — 1, is the matrix of 
the restriction of the form Qi (and Q 2 respectively) to the subspace Wj generated by 
{vj}l>{y jjP | y p E X^J ({vj}U{y~ | y p G X^J respectively). Finally, the restrictions 
of Qi and Q 2 to the stator part are the same for Q x and Q 2 and denoted by S. Notice 
that Bik = B 2k) Si = (s/i • • • 0), and Sa is the first column of each matrix Si. 

The matrices M k = (Gi k — \E) (k = 1,2) satisfy the conditions of Traczyk's 
Proposition 2.9 for any real number A, [14]. Thus det(Mi) = det(M 2 ) for any real A. 
So the determinants are equal for any complex A as well. □ 



4 Oriented rotation and Tristram-Levine signature 



In this section we extend the method developed by Traczyk in [14] in order to show 
that orientation-preserving rotations (see Fig. 2.2(a)) preserve Conway polynomial. 
We show that the characteristic polynomial of the Hermitian form associated with 
the Seifert form of appropriately chosen Seifert surface is invariant under orientation- 
preserving rotations. In particular we prove the following result. 

Theorem 4.1 Let L\ and L 2 be a pair of orientation-preserving n-rotants. Then 
a u {L{) = <Ju{L 2 ). 
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The main result of this section is Theorem 4.2 from which Theorem 4.1 follows. 



Let S 2 be the sphere of a projection of a link L, and Fl the Seifert surface of L 
obtained from the diagram of L by the Seifert algorithm. Let if be a trivalent graph 
that consist of the Seifert circles and the cores of the bands. Let R\, R 2 , ■ ■ ■ , R m be 
the components of S 2 — H which are not bounded by Seifert circles. Assign the anti- 
clockwise orientation to each boundary curve of the regions Ri(i — 1, • • • , m); then these 
curves are generators of Hi(Fl] Z). Whenever we refer to generators of Hi(Fl, Z), we 
mean this particular set of standard generators for Seifert surface Fl- 

Let Li and L 2 be a pair of orientation-preserving n-rotant diagrams. 

We deform the diagrams Lk (k = 1, 2) on S 2 into the position for which our 
computation is feasible, as it was done in [14]. Let be a disk in S 2 such that 
D r k = Dh H Lk is the rotor part of the diagram (k = 1, 2), and D s k = fl the 
stator part (Dk = S 2 —intDk). Rotors and stators constructed above are all n-tangles. 
We deform the stator part D{ = D 2 to the form shown in Fig. 4.1. By doing so we 
obtain an outermost Seifert circle C in D that is parallel to dD^. Let Dc be the region 
which is bounded by C and dD^ in D. We extend the rotational symmetries of the 
rotor parts D r k (k = 1, 2) to the parts embedded in Dk U Dc, i.e., we may assume that 
Dk U Dc (k — 1,2) contain n-rotors. 



Let F^ k ik = 1,2) be the Seifert surface for Lk (Fig. 4.2), and let Ai k be the 
corresponding Seifert matrix of Lk, k = 1, 2. 





Fig. 4.1 
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Fig. 4.2 

Let £ be a complex number and let X^ k = (,Ai k + £At, fc * be the Hermitian matrix 
that represents the Hermitian form 9(x, y) = ^ip(x, y) + £ip(y, x), x, y G Hi(Fi k ; Z). 

With the choices for Seifert surfaces F fc and the bases of Hi(F k ) made above, we 
can formulate the main result of this section. 

Theorem 4.2 The characteristic polynomials of the Hermitian matrices X^ x and 
Xl 2 coincide. 

Proof We consider three submodules Sk, TZk and Mk of Hi(FL k ; Z), where Sk, TZk 
and Mk are generated by the sets Xs k ,Xn k , and Xu k of the standard generators of 
Hi(FL k ;%) which live entirely in the stator part D, rotor part D^, and partially in D 
and Dk (k = 1,2), respectively. We have the following decomposition of the module 
Hi(FL k ; Z) into the direct sum of its submodules, Hi(Fi k ; Z) = Sk © (A^fc + IZk) (k = 

1.2) . 

Let v denote the generator of Mi intersecting the axis y of the dihedral flype d (Fig. 

4.3) . There is an action of the cyclic group Z„ =< a \ a n = 1 > on Mi + TZi induced 
by the ^-rotation around the center of D x . 

The set X Ml = {v, a(v), a 2 (v), ■ ■ ■ , a n ~ l (v )} is a generating set of M\ (not necessary a 
basis). We also identify a j (v) with the generator of M2 that coincides with a j (v) of Mi 
in D c . The submodule 7?4 is generated by the set {a j (x) | x G X fil , j — 0, 1, • • • , n—1}. 
Since D 2 is the image of D\ by the dihedral flip d around the axis y which crosses v, 
TZ 2 is generated by {d(a j (x)) | x G X Rl ,j = 0, 1, • • • , n — 1} (Fig. 4.3). In order 
to compare tpi with ip 2 , we identify the generator a^(x) of 7£i with the generator 
d(ai(x))eK 2 (j = 0,1,2, ...,n-l). 
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Fig. 4.3 



Using these identifications we can consider both forms ipi and ip2 on the same sub- 
modules S, At and TZ (indices are no more needed) and derive the following relationship 
between them. 

(1) tp2(x,y) = ipi(x,y) for all x,y G S + M. 

(2) ip 2 {x,y) = ipi(y,x) for all x,y eTZ. 

(3) ip2(%, ol^{v)) = ipii^a'i (v), x), and 

(v) , x) = i>i( x i cx~*(v)) for all x e TZ (j — 0, 1, • • • , n — 1). 

(4) i>i(x,y) = i>i(y,x) = = i>2(x,y) = i>2(y,x) for all x e S,y e TZ. 

Using relations (1),(2),(3),(4), we obtain the corresponding relations between 9\ and 
02- Let S, M and R be the complexifications of subspaces S, M. and TZ of S © (At + 
TZ) <S> C respectively. There is a well defined involution - : S © (M + R) — > S © (M + R) 
corresponding to the conjugation in the factor C of the tensor product. We denote by 
x the image of x G S © (M + R) under this involution. The following identities follow 
from the identities (l)-(4) given before. 

(1) 9 2 (x,y) = 9i(x,y) for all x,y € S © M. 

(2) 9 2 (x,y) = 6i{y,x) = 9i(x,y) for all generators x, y G R, and 
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02(x,y) = 9i(x,y) for all x, y G R. 

(3) 9i(x, y) = 0i(a : >(x), aP(y)) for all generator x, y G M + R, 
02(x,a^(v)) = 0i(a~^(v),x) for every generator x of R, 
$2(01* (x),v) = 0i(a : >(x),v) for every generator x of R, and 
2 (x,v) = 02{&{x),a~i{v)) for every generator x G R. 

(4) fc (a;, y) = for all x G S, y G R, k = 1, 2. 

In order to define Hermitian matrices Hi k representing 0^, (k = 1,2), we first 
choose a basis of ifi(Ft fe ;C) that is formed using the generators of H\{Fi Jk \'L) in 
the following way. Set cjj = e 27 ™« (j = l,---,n). We replace the generating set 

n-l 

{4)|j = 0,l,-,n-l} ofMby {vj-lvj = 5>}a'(u), J = 0,l,---,n-l}. For R 

z=o 

we consider two choices of generating sets related by involution ~~ . We either replace 

n-l 

{a j (y P )\y P e = 0,1, 1} or by {y^ly,^ = ^u;jai'(yp), y p G X^,j = 

n-l 

0, 1, •••,n- 1} or {y— \y— = ^2uJ- l a l ( y y p ), y p eX n ,j = 0,1,- ■■, n-l}. 

1=0 

We obtain in this way the new generating set for Mk + Rk- The following relation- 
ships hold: 

(1) k (Vj, v m ) = for j ^ m, where Vj, v m G M, fc = 1, 2, 

#i(x jiP , v m ) = 2 (x~ , v m ) = for j ^ m, where x jjP G Ri, x~ G R 2 , v m G M, 
6»i(x iiP , y m> ,) = 6> 2 (x~ y^) for j 7^ m where x jiP , y m> , G Ri,x~,y^ G R 2 . 

(2) ^(xjyjj,) = # 2 (x,y^) = for any x G S,y j)P G Ri,y~ G R 2 . 

(3) 0i(yj#, Yj,q) = °2(yJ^, Ym), for any y jjt , y jjQ G Ri, y~, y~ G R 2 . 

(4) 0i(vj,y j;P ) = 6 2 (v j ,yj£) for any v,- G M,y j)P G Ri,y~ G R 2 , 
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Oi(vj, Vj) = 2 (vj, Vj) for any Vj G M. 



(5) #i(x, Vj) = 9 2 (~x., Vj) for any x G S, Vj G M. 



Take the subspace Wj of M © R corresponding to uij, and choose its ordered basis 
by taking Vj from M first 5 and the rest of a basis of Wj from the generating set y J)P of 
R in any order. To obtain the ordered basis of M © R we place the basis of Wj before 
the basis of Wj + i for j — 0, 1, • • • , n — 1. Finally we add ordered basis of S. Then we 
have an ordered basis of Hi(Fl; C). We also obtain an ordered basis of Hi(Fl 2 ; C) by 
replacing each Vj iP with Vj iP . 

We obtain the matrices of forms Q\ and 9 2 in ordered bases of S © (M + R) as 
described below. 
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In those bases, B^ (respectively B 2 j), where j = 0, l,---,n — 1, is the matrix of 
the restriction of the form 9\ (and 9 2 respectively) to the subspace Wj generated by 
{\j} U {y j:P | y p G X Ul } ({vj U {y~ \ y p G X Ul } respectively). Finally the restriction 
to the stator part, S, is the same for both 9 1 and 9 2 . Notice that B lk l = B 2k , Si = 
(sa • • • 0), and sn is the first column of each matrix Si. 

Matrices M k = (H' L — XE) (k = 1,2) satisfy the conditions 6 of Traczyk's Propo- 
sition 2.9 for any real number A, [14]. Thus det(iWi) = det(M 2 ) for any real A. So the 
determinants are equal for any complex number A as well. 

□ 



5 If v 3 = 0, what can happen if the generating set {v, ct(v), a 2 (v), • • • , a Tl_1 (w)} is not a basis of M, 
we skip this element when building basis of Hi (Fl ; C) . 

6 We can use Proposition 2.9, even if some vectors Wj <G Wij may be equal to 0. In such a case the 
block Wij is orthogonal to other factors (S and Wiji, j' ^ j). 
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5 Counterexamples 



It was proven in [1] that any pair of oriented 3- or 4-rotant links share the same 
Homflypt polynomials (in particular, Conway polynomials). In [14] Traczyk showed 
that a pair of orientation-preserving n-rotant links share the same Conway polynomial. 
On the other hand, for orientation- reversing n-rotants (n > 6), the invariance was still 
an open question. We present, in this section, an example of a pair of 6-rotant knots 
with different Conway polynomials and different Jones polynomials. Therefore, the 
invariance in [1] of Conway polynomial and the Jones polynomial for the orientation- 
reversing rotant links is the best possible. We should also stress that rotants described 
in Fig. 5.1 have different Jones and Conway polynomials, however they share the same 
determinant and the same homology of the corresponding double branched covers. 



Let L\ and L 2 be the knots (6-rotants) illustrated in Fig. 5.1. Using program 
KNOT [7], we have the following. 

Conway polynomials (with the skein relation y L+ — y L _ = z\j Lq ) are different: 



y Li (z) = 1 + 3z 2 - 37 z 4 + 17z & - 3z 8 - 2z 10 - 59z 12 - 3Az u - 55z 16 - 48z 18 - 10z 20 




Fig.5.1 



-Az 22 - z 2A 



and 



y h2 (z) = 1 + 3z 2 - 25z 4 - 116^ 8 - 57z 10 - 17 'Az 12 - 157^ 14 - 119^ 16 - 102z 
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-37z 20 - 8z 22 - z 2 \ 



Jones polynomials (with the skein relation t 1 Vl + — Wl_ = {y/t — l/\/i)V Lo ) are 
different: 

V Ll = t 23 - 16t 22 + 131t 21 - 713t 20 + 288ft 19 - 9f93t 18 + 24058t 17 - 52926t 16 
+99534t 15 - 161854t 14 + 229f95t 13 - 283357t 12 + 304679t n - 280476t 10 
+21 1413t 9 - 112418t 8 + 7697t 7 + 77824t 6 - 127092t 5 + 136195t 4 - 114114t 3 
+77214t 2 - 41391* + 16087 - 2934r x - 150ir 2 + 1760t~ 3 - 954t" 4 

+343r 5 - 84r 6 + I3r 7 - r 8 , 

and 

V L2 = t 23 - 16t 22 + 13H 21 - 713t 20 + 2881t 19 - 9193t 18 + 24057t 17 - 52919t 16 
+99503t 15 - 161752t 14 + 228932t 13 - 282808t 12 + 303730t n - 279098t 10 
+209727t 9 - 11070H 8 + 6314t 7 + 78540t 6 - 126958t 5 + 135242t 4 
-112578t 3 + 75451t 2 - 39756t + 14823 - 2118r 1 - 1933r 2 + 194ir 3 
-lOlOt 4 + 354r 5 - 85r 6 + i3r 7 - r 8 . 

Their homology groups are the same: H 1 (Ml l ]Z)= H X [M 2 L2 ; Z) = Z/3 + Z/397449. 
Their determinants coincide as well: A Ll (-l) = A La (-l) = -1192347 (here A L (t) = 
V L (z)forz = Vi-±). 
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